Orbit decomposition of Jordan matrix algebras 
o ■ of order three under the automorphism groups 

P^. Akihiro Nishio and Osami Yasukura 

<: 

I— 1 1 lI Abstract. The orbit decomposition is given under the automorphism 

\0 ' group on the real spht Jordan algebra of all hermitian matrices of order three 

Q ■ corresponding to any real split composition algebra, or the automorphism 

^ . group on the complexification, explicitly, in terms of the cross product of 

C^ , H. Freudenthal and the characteristic polynomial. 

^ i 0. Introduction. 

>: 

^ ■ Let J^' be a split exceptional simple Jordan algebra over a field F of 

Q\ . characteristic not two, that is, the set of all hermitian matrices of order three 

^ i whose elements are split octonions over F with the Jordan product. And let 

C^ I G' be the automorphism group of J''. N. Jacobson [161 P-389, Theorem 10] 

Q ' found that X,Y G J^' are in the same G'-orbit if and only if X, Y admit 

'—I ■ the same minimal polynomial and the same generic minimal polynomial, by 

>■ . imbedding a generating subalgebra with the identity element E in terms of 

k> ! the Jordan product into a special Jordan algebra. When F = M, the field of 

H i all real numbers, some elements of J^' are not diagonalizable under the action 

■ - - ' of G' = -^4(4), since JT"' admits a G'-invariant non-defnite M-bilinear form such 

that the restriction to the subspace of all diagonal elements is positive-definite 

[T9t Theorem 2], although every element of J7' is diagonalizable under the 

action of a linear group -Eece) containing ^4(4) on J'' by [15] (cf. [17]) or under 

the action of the maximal compact subgroup S'p(4)/Z2 of -Eece) on J' given 

by [22]. 

This paper presents a concrete orbit decomposition under the automor- 
phism group on a real split Jordan algebra of all hermitian matrices of order 
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three corresponding to any real split composition algebra, or the complexifi- 
cation of it, that is special or exceptional as a Jordan algebra. As a result, 
X,Y E JT' are in the same G'-orbit if and only if X, Y admit the same dimen- 
sion of the generating subspace with E by the cross product ^ and the same 
characteristic polynomial, which gives a simplification for N. Jacobson |16]'s 
polynomial invariants on G"-orbits when F = M or the field of all complex 
numbers C. To state the main results more precisely, let us give the precise 
notations: 

Put F := M or C. Let V be an F-linear space, and EndF(V) (or GLF(y)) 
denote the set of all F-linear endomorphisms (resp. automorphims) on V. 
For a mapping f : V -^ V and c G F, put Vf^c '■= {v G V\ f{y) = cv} and 
Vf^i := Vf. For a subgroup G of GLir(V^), let G° be the identity connected 
component of G. For v E V and a mapping (p : V ^ V, put Og{v) := 
{a{v)\ a e G}, Gy := {a G G\ a{v) = v} and G'^' := {a e G\ (po a = a o (p}. 
For a subset W of V, put Gw ■= {« G G\ {aw\ w G W} = W}. For positive 
integers n, m, let M{n, m; V) be the set of all n x m- matrices with entries in V. 
Put V := M{n,l;V),Vm := M{l,m;V) and M^V) := M{n,n;V). Since 
V can be considered as an M-linear space, the complexification is defined 
as V"^ := V ^uC = V ® \f—\V with an M-linear conjugation: r : V^^ — )■ 
V^\V\ + \f—\v2 \-^ Vx — \f—\.V2 (t'i,f2 G V\ For any a. G End]R(V^), put 
a^ : V"^ — ;■ V^]Vx + ^/—\v2 ^-> {av\) + v^^(ai72) such that a^r = ra^, 
which is identified with a G End]R(y): a = a^. 

By W.R. Hamilton, the quaternions is defined as an M- algebra H := 
©f^o^^^i given as eoCj = CjCo = e^, e,^ = -cq (i G {1,2,3}); CfcCfc+i = 
— Cfe+iCfc = eA;+2 (where fc, fc + 1, A; + 2 G {1, 2, 3} are counted modulo 3) with 

the unit element 1 := Cq and the conjugation J2i=o^i^i ~ -^oCo — J2k=i^kGk, 
which contains the complex numbers C := Mcq © Mci and the real numbers 
M := Mcq as M-subalgebras. By A. Cayley and J.T. Graves, the octanions is 
defined as a non-associative M-algebra O := EI © Me^ given as follows [4]: 

(x © yei){x © y'e4) := (xx' - y'y) © {yx' + i/'x)e4 

with the M-linear basis {ej| i = 0,1,2,3,4,5,6,7}, where the numbering 
is given as 65 := 6164,66 := —6264,67 := 6364 after [26l p. 127], |5l p. 20] 
or [20]. Put H := C® C64 and C := ^ ® M64. For K := 0,H,C,R, 
put dx '■= dim.M.K. And put ^/^ := 60 ® 61 G K^ := K ®ir C with the 
identification K = K ® cq C K^. Then K^ = K ® y/^K is split (i.e. non- 
division) as a C-algebra with r : K'^ — )■ K*^; x+i/^y ^ a;— -\/^y (x, y E K) 
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as the complex conjugation with respect to the real form K. Put 



7 : O^ — > O^; ^ XiCi ^ ^ XjCj - ^ XjCj; and 

i=0 j=0 j=4 

7 7 

i=0 j=l 



e : O — > O ,x := >^ XjCj i-)- x := Xq — /^ : 



as C-linear conjugations with respect to M^ and Mp, respectively. And a C- 
bilinear form are defined on O^ as {x\y) := {xy+xy)/2 = ^^^q Xj?/j G C. The 
restrictions of 7, e and (x|y) on i^^ are also well-defined and denoted by the 
same letters. Then K'^ is a composition C-algebra with respect to the norm 
form given by iV(x) := (x|x) §1.3], because of A^((x © ye4){x' © y'^^)) — 
N{x®ye4)N{x'®y'e4) = 2{{yx'\y'x)-{xx'\y'y)} = 2{y'{yx')-{y'y)x'\ x) = 
since H*'-' is an associative composition algebra with respect to iV [Sj §6.4]. 
And K = {K^)r is a division composition R-algebra with the norm form 
A^(x) such that a~^ = a/N{a) for a 7^ 0. 

Put K' := {K'^)r-y as a composition M-algebra with the norm form A^(x) 
such that {K')^ = K^ = {K')r = K' n K. Precisely, O' = {Yfi=o Xid + 
Sj=4^iV~lej| Xj G M} is the M-algebra of the split- octanions containing 
the M-subalgebra H' = {^i^^Xiei + J2i=4^i\^~^^i\ ^i ^ ^} *^f ^^^ split- 
quaternions and the M-subalgebra C' = {xq + X4^y—le4\ Xj G M} of the 
split-complex numbers such that O' fl O = H, iJ"' fl iJ = C and C" fl C = M. 
Then /ST'^ = fsT' © v^^i^' = i^^ as a C-subalgebra of O^. 

Put K := K, K' (or K'^ , K^) with F := M (resp. C) and d^ := dimp^. 
For A G M„(is:) with the (i, j)-entry aij G fsT, let ^A,TA,eA G M„(ir) be the 
transposed, r-conjugate, e-conjugate matrix of A such that the (i, j)-entry is 
equal to aji,T{aij),e{aij), respectively, with the trace ti^A) := XliLi ^«« ^ '^^ 
and the adjoint matrix A* := ^{eA) G Mn{K). Let denote the set of all 
hermitian matrices of order three corresponding to K as follows: 

J:,{k) := {X e M^{k)\ X* = X] 

with an F-bilinear Jordan algebraic product XoY := ^[XY + YX), the iden- 
tity element E := diag(l, 1, 1) and an F-bilinear symmetric form (X|y) : = 
tr(Xor) G F. After H. Freudenthal [S] (cf. [3 (7.5.1)], [2S], [S], [ISl p.232, 
(47)], [28]), the cross product on Jz{K) is defined as follows: 
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X xY ■.= XoY - -(tr(X)r + tr{Y)X - (tr(X)tr(r) - {X\Y))E) 

with X ^2 _ ^ X X as well as an F-trilinear form {X\Y\Z) := {X x Y\Z) 
and the determinant det(X) := |(X|X|X) G F on J3{K) (cf. p.l63]). 
Put Ei := diag{6ii,6i2,Sis) for i G {1,2,3} with the Kronecker's delta Sij. 
For X & K, put 



Fiix) :-- 



For X e K^ 



'0 0' 

a; 

,0 X 0, 



F.ix) 



'0 x" 

X 0, 



F3(x) : = 



'0 X 0^ 
^00 
,0 0. 



C^, if ^ or O"-, put Mi(a;), M23(x) G Jal^*^) such as 



Mi(x) := (x|l)(E2 - Eg) + Fi(v/^x), M23(x) := F^i^f^x) + ^3(0;) 

with Ml := Mi(l), M23 := M23(l). For x e K' = C',H' or O', put 

Mi/(x),M2'3(x) G J3(i^') such as 



Mr{x) := (x|l)(E2-^3)+i"i(v/^e4x), M2.3(x) := F2{-v^e,x) + F^ix) 
with Ml/ := Mi/(1), M2'3 := M2'3(l). For x e K, let denote 

Mi(x) := Mi(x) (when K = K^) 01 Mi/(x) (when K = K'), 
M23(x) := M23(x) (when K = K^) or M2'3(x) (when K = K'); 
Ml := Ml (when K = K^) or My (when K = K'), 
M23 := M23 (when K = K^) or M2'3 (when K = K'). 

And denote 



V2{k) := {X G Mk)\ XX2 = 0, tr(X) = 1}, 

J3(i^)o:={XG J3(^)|tr(X) = 0}, 

Mi{k) := {X G Mk)o\ X ^ 0, X^2 ^ Q|^ 

A^23(i^) := {X G J3(i^)o| XX2 ^ 0, tr(X><2) = det(X) = 0}. 
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When K = K, V2{K) has a structure of Moufang projective plane P p. 162, 
4.6, 4.7], the algebraization method of which motivates to define the cross 
product on Jz{K) for any K. The automorphism group of Jz{K) with 
respect to the F-bihnear Jordan product X oY is denoted as follows: 

G{k) := Aut(J3W) = {a e GLv{Mk))\ a{X oY) = aX o aF}, 

which is a complex (resp. compact; real split) simple Lie group of type (F4) 
(resp. (F4(_52)); (^4(4))) when K = O'^ = O^ (resp. O, O') by C. Chevalley 
and R.D. Schafer (resp. [7], [H p. 161], |20l p.206, (2), (3)]; |29]). When 
-ft' = M, C or i?, the group G{K) is a simple Lie group of type (^i), (^2) or 
(C3), respectively (cf. P p.l65]). Put 7 : J^{k) — > Jz{k);X ^ 7X such 
that 7X := Y.1=l{i^E^ + F,{^x,)) for X = Eti(6^^ + ^.(a;.)) e J3(i^). Put 
r : J^{k) -^ Jsik); X ^ rX such as rX := ELliir^^)E^+Fi{rXi)). Then 
rGGLK(J3(i^)) such that r(XoF) = (rX)o(rF), r(XxF) = (rX)x(rF), 
tr(rX) = r(tr(X)), {tX\tY) = t{X\Y) and det(rX) = r(detX), and that 
r2 = id, Jsik) = J^{k)r © J3(^)-r and MK^")^, = ./^J^{K), so that 
G{K) = {a^l a G G{K)} = GiK^y. 

For X G J^siK) and the indeterminate A, put V'x(A) := Aii^ — X. Then 
t/ie characteristic polynomial of X is defined as the polynomial $j5f(A) := 
det{ipx{^)) of A with degree 3 and the derivative ^'xW is ^$x(A), so that 
$jf(A) = (A — Ai)(A — A2)(A — A3) with some Ai,A2,A3 G C. In this case, 
the set {Ai,A2,A3} is said to be the characteristic roots of X. Put Ax := 
{Ai, A2, A3} C C with #Ax G {1, 2, 3} and Vx := {aX^^ + ^x + cE\ a,b,ce 
¥} with Vx ■■= dim^x G {1, 2.3}. 

Proposition 0.1. Let k be K, K' or K^ with K = R,C,H orO. 

(1) G{k) g{ae GLF(J3(i^))| tr(aX) = tr(X), aE = E}. And 

G{k) = {a G GLf {J3{k))\ det(aX) = det(X), aE = E} 

= {aGGL^(J3(^))|$ax(A) = $x(A)} 

= {a G GU{Ji{k))\ det(«X) = det(X), {aX\aY) = (X|F)} 

= {a G GLf {J3{k))\ a{X x Y) = (aX) x (aY)}. 

Especially, A^x = Ax and Vax = "^x for all X G Jz{k) and a G G{k). 

(2) G{Ky is a maximal compact subgroup of G{K). And 7 G G{Ky^_^ ^^ ^^. 
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(4) Assume that K ^K, i.e., K = R^, C^, H^, O^; C, H' or O' . Then: 

{ii)M2z{K) = Oa(KY{M2^). 

Theorem 0.2. Let K^ he '^^,C'^, H'^ or O^. Then the orbit decompo- 
sition of J's^K^) over G{K^) or G{K^)° is given as follows: 

(1) Take X e JsiK^). Then #Ax = 3,2 or 1. 

(i) Assume that i^Ax = 3 with Ax = {Ai,A2,A3}. Then diag(Ai, A2, A3) G 
OQ(^Kcy{X) with vx = 3. 

(ii) Assume that #Ax = 2 with Ax = {Ai,A2} such that $'^(A2) = 0. Then 
f X = 2 or 3. Moreover: 

(ii-1) Vx = 2 iff dmg{\i, \2, \2) e CG{i^c)o(X); and 

(ii-2) vx = 3 ijf diag{\,, A2, A2) + Ml G Og(/^c)o(X). 

(iii) Assume that 7^ Ax = 1 with Ax = {Ai}. Then: 

(ui-l) Vx = I tff XiE e OciK'^riX); 

(iii-2) Vx = 2 iffXiE + Mi G Og(kc)o{X); and 

(iii-3) Vx = 3 iffXiE + M23 G OaiK^riX). 

(2) ForX,F G J3(i^''), 0g(xc)o(X) = Og(xc)o(F) iff Ax = Ay and vx = 
vy For any X G Js^K^), 0{X) := Cg(xc)o(X) = CG(i^c)(X) and 0{X) n 

Theorem 0.3. Lei K' be C',H' or O' . Then the orbit decomposition of 
J^{K') over G{K') or G{K')° is given as follows: 

(1) Take X G Jz{K'). Then #Ax = 3,2 or 1. 

(i) Assume that 4^Ax = 3. Then vx = 3. And Ax = {Ai,A2,A3} for some 
Ai G M and A2, A3 G C such that Ax C M or {A2, A3} = {p ± q\/^} with 
some p G M and q G ]R\{0}. Moreover: 

(i-1) If Ax (ZR with Ai > A2 > A3, then diag(Ai, A2, A3) G Og{k')°{X); 
and 

(i-2) // {A2, A3} = {p ± q\/—l} with some p,q eM. such that q > 0, then 
diag(Ai,p,p) + Fl{q^/^e4) G OciK'riX). 

(ii) Assume that #Ax = 2 with Ax = {Ai, A2} such that $'^(A2) = 0. Then 
Ai, A2 G M and f x = 2 or 3. Moreover: 
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(ii-1) f X = 2 Zj(f diag(Ai,A2,A2) G Og{k')°{X); and 

(ii-2) vx = 3 z#diag(Ai, A2, A2) + Mr G OciK'^iX). 
(iii) Assume that i^Ax = 1 with Ax = {Ai}. Then Ai G R. Moreover: 

(iii-1) t;x = 1 z^AiE G Og(a")°(^); 

(iii-2) i;x = 2 «if Ai^ + M^ G Og(k.)o(X); anc? 

(iii-3) vx = 3 iffXiE + M2.3 G OG(i^')°(^)- 
(2) ForX,r G MK'), Og(xc)o(X) = OG(/^c)o(r) z#Ax = Ay and vx = 
vy. For any X G MK'), 0{X) := OciKri^) = OGiK'){X) and 0{X) n 
J3(C") ^ 0. 

By Proposition 0.1 (1), Ax and vx are invariants on O^-z^JX), so that 
the Theorems 0.2 (2) and 0.3 (2) follow from Theorems 0.2 (1) and 0.3 (1), 
respectively. Hence, this paper is concentrated in proving Theorems 0.2 (1) 
and 0.3 (1) with Proposition 0.1. 

Note that the second equality of Propositoin 0.1 (1) was obtained by 
N. Jacobson [13l Lemma 1] in a more general setting (cf. [211 p. 159, Propo- 
sition 5.9.4, §5.10]). In §1, by Lemma 1.2, it appears that the characteristic 
polynomial $x(A) of X equals the generic minimal polynomial of X defined 
by N. Jacobson [Ml p. 358 (5)]. By Lemma 1.6 (3), it appears that vx equals 
the degree of N. Jacobson [T6l p. 389, Theorem 10] 's minimal polynomial for 
X G J^siK) with respect to the Jordan product. 
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2. Proposition 0.1 (3) and (4) (i). 

3. Theorems 0.2 and 0.3 in (1) (i, ii). 

4. Proposition 0.1 (4) (ii) and Theorems 0.2 and 0.3 in (1) (iii). 
Acknowledgement . 

Reference. 

1. Preliminaries and Proposition 0.1 (1) and (2). 



ORBIT DECOMPOSITION 



Let i,i + l,i + 2 E {1,2, 3} be the indices counted modulo 3. Then 



Ei° Ei = Ei, Ei o Ei^i = 0, 

Ei o F,ix) = 0, E,o Fj{x) = \F,{x) {i ^ j), 

F,{x) o F,{y) = {x\y){E,+i + ^,+2), F,{x) o F,+i(t/) = iF,+2(W); 

Ei X Ei = 0, Ei X Ei+i = 2-Ej+2, 

Ei X F,{x) = -|F,(x), E, X Fj{x) = (2 ^ j), 

F,(a;) X F,{y) = -{x\y)E„ F,{x) x F,+^{y) = \F,+2{xy) 

for any x,y E K. And 



Mi(x) X M,iy) = V^{ix\l)iy\l) - ix\y)}E^, 

Mi(x) X M23{y) = -^{F^iV^ix- {x\l))y) + F,{y{x - {x\l)))}, 

M23ix) X M23(y) = ix\y)M,, Mi = M^^^; and 
Mi,(a;) X M.iy) = {ix\y) - ix\l)iy\l)}E,, 
1 



M,,{x) X M2.3(l/) = ^{M-ix 



le4)y+ {x\l)V^e4y) 

+ Fs{-{y^/^e4)(x^/^e4) + {x\l)y)}, 
M23'{x) X M23'(|/) = {x\y)Mr, My = M^,l 

Let denote X(r; a;) := Yh=i ^iEi + Ya=i Fii^i) fo^' any r = (ri, r2, ra) G F3 
and a; = (xi, X2, X3) G i^g- If >" = X(r; x) G ^3(7^), put {Y)e, := (F |E,) = r^ 
and(F)^, :=(y|F,(l))/2 = a;,. 

Lemma 1.1. (l) Let i,i + l,i + 2 e {1,2,3} be counted modulo 3. Then 
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1 ^ 

X(r; x) X X(s; 2/) = 2 X]{(^i+i'5i+2 + Si+ir^+a - 2(xi|yi))Ei 

+ Fi{xi+iyi+2 + yi+iXi+2 - nyi - SiXt)}; 
3 

(X(r; x)\X{s; y)) = ^^(ns, + 2{x,\y,)y, 

(X(r; x)|X(s; 2/)|X(u; z)) = (X(r; a;)|X(s; y) x X(m; z)) 
3 

= '^{-;^{Si+iUi+2 + Ui+iSi+2) + i^\yi+lZi+2 + Zi+iyi+2) 



2 



- ri{yi\zi) - Si{zi\xi) - Ui{yi\xi)}] 



det(X(r;x)) = rir2r^ + 2{xi\xi+iXi+2) - ''^rjN{xj) for i G {1,2,3}. 

i=i 

(2) For X, r, Z G J3(i^), all ofXoY, (X|F), X x F, (X o Y\Z) and 
{X\Y\Z) are symmetric. And {X\Y) is non-degenerate. 

(3) 2E X X = tT{X)E - X = (^x(tr(X)). Especially, E""^ = E and 
2E X X^2 _ tr(X^2)^ _ xx^ = ipx^2{tT{X''^)). 

(4) (X|F|E) = tr(X xY) = |(tr(X)tr(F) - {X\Y)). 

Proof. (1) follows from the definitions except the 3rd equality, which is 
proved by 0, P-15, 3.5 (7)] as follows: 



(X(r; x) |X(s; y) \X{u; z)) = ^{ui{ri+iSi+2 + Si+iri+2)/2 

1=1 

+ {z'i\xi+iyi+2 + yi+iXi+2) - Ui{xi\yi) - ri{yi\zi) - Si{xi\zi)} 
3 

= y^{(^i+2^»+3-S»+4 + Mi+iSi+2^i+3)/2 
i=l 

+ (x^ z^|yi+4) + (^iTT ^i+3|2/i+2) - Ui{xi\yi) - ri{yi\zi) - Si(xi|zi)} 
3 

= ^{ri(Si+iUi+2 + Ui+lSi+2)/2 + {x'i\yi+iZi+2 + Zi+iyi+2) 



i=l 



- ri{yi\zi) - Si{zi\xi) - Ui{yi\xi)} 
= (X(r;a;)|X(s;y) xX(m;z)). 
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(2) follows from the definitions or (1). (3) follows from direct computations. 
(4) follows from the definitions of (X|F|Z) and X xY. D 

For X e Jsik), put Ax(A) := -|{3A2 - 2tr(X)A + tr(X)2 - 2(X|X)}, 
which values in F (or C) if A G F (resp. C). 

Lemma 1.2. (1) $x(A) = A^ - tr(X)A2 + tr(X^2)^ _ ciet(X) with F 3 
tr(X) = Ai + A2 + A3, tr(Xx2) = A1A2 + A2A3 + A3A2, det(X) = A1A2A3 if 
Ax = {Ai, A2, A3} cCforXe Mk). 

(2) $'^(A) = 3A2 - 2tr(X)A + tr(Xx2) = tr(v9x(A)^2) ^ -2Ax(A) - 
i{tr(X)^-3(X|X)}. 

(3) Put M{k) := {X G j73(i^)o| X ^0, $x(A) = A=^}. Then M{k) = 
{X G J3W0I X ^ 0,tr(X^2) _ ^g^(j^) = 0} = 7Wi(ir) UTWssW with 
Mi{k)nM23{k) = 0. ^nd{X G J3WI #Ax = 1} = FE©({0}UA^(ir)). 

Proof. (1) ^xlA) = |(AE-X|A^-X|A^-X), which equals the required 
one by Lemma 1.1 (2, 3) and $x(A) = (A - Ai)(A - A2)(A - A3). 

(2) The first equality folllows from (1). By Lemma 1.1 (3), (px(A)^^ = 
{\E - X)^2 _ ^2^ _ (tr(X)E - X)A + X^^ so that tr(v9x(A)^2) = 3A2 - 
2tr(X)A + tr(X^2)^ ^nd 3A2 - 2tr(X)A + tr(X^2) _ -2Ax(A) - |{tr(X)2 - 
3(X|X)} by the second equality of Lemma 1.1 (4). 

(3) The first claim follows from (1). For X G Jsiki, put Xq := X - 
|tr(X)E G J3{k)o. ThenX = |tr(X)E+Xo, so that J^iK) = ¥E®J3{k)o. 
If $x(A) = nf^i(A-A,), then $Xo(A) = det((A + |tr(X))E-X) = Uf^^{X + 
|tr(X) - Ai), so that $Xo(A) = A^ ^ |tr(X) - Ai = 0{i = 1,2,3) ^ 
Ai = A2 = A3 <^ #Ax = 1, because of tr(X) = X]i=i ^i by (1). Hence, 
{Xg J3WI #Ax = l} = F^©({0}U7W(K)). D 

Let V be an F-algebra with the multiplication xy oi x,y E V. For x E V, 
put an F-linear endomorphism on V, L^ : V ^ V;y ^-^ xy, as the left 
translation by x. And put the automorphism group of V as follows: 

Aut(y) := {a G GLf{V)\ a{xy) = {ax){ay); x,y E V}. 

Lemma 1.3. (1) Let V be an ¥-algbra. Assume that a G Aut(V). Then 
trace(L(Q,a,)) = trace(L^), det(L(Q,a;)) = det(L^) for all x E V . If moreover 
V admits the identity element e, then ae = e. 
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(2) Let L°x and L^ be the left translations by X E J?,{K) on J^{K) 
with respect to the product o and the cross product x, respectively. Then 
trace(L3f) = (dx + 1) tr(X) and trace(Lj) = ^dx tr(X). 

Proof. (1) For x,y E V and a G GiV), Li^ax)y = {ctx)y = a{x{a^^y)) = 
{aLxa~^)y, i.e. L(^ax) = ctL^a^^, so that trace(L(Q^)) = trace(La:) and 
det{L(^ax)) = det{Lx) as an F-linear endomorphism on V. Assume that ex = 
xe = X for any x E V. Take a G Aut(V). Then {ae){ax) = {ax){ae) = ax, 
so that {ae)y = y{ae) = y for all y E V. In particular, ae = {ae)e = e. 

(2) {Ei, Fj(ej/v2)| i = 1, 2, 3; j = 0, ■ ■ ■ , rfx — 1} forms an orthonormal 
basis of {J'^{K'^), (*|*)) by Lemma 1.1 (1). And L°x and L^ can be identified 
with a C-linear endomorphism on J'^{K''") = J^siK) or C^J'^lK). By Lemma 

1.1 (1, 2), trace(L^) = EliiiX o E,\E,) + '^Z'Zo\X o F,ie,mie,))} = 

Eli{{X\E, oE,) + l E-Zo\X\F,ie,) o F,(e,))} = Eti 
{iX\E,) + |E-=o"'(^l^^+i + ^^+2)} = (dK + 1) tr(X); and trace(Lj) = 
EtiKX X E,,E,^ + iE-=o"'(^ X F,(e,)|F,(e,))} = EliK^I^. x E,) + 
I E Jo"'(^l^^(e.) X ^^(e.))} = Ell I E -fo"'!^! - E.) = i-dKtT{X). D 

Proof of Proposition 0.1 (1). The first claim follows from Lemma 1.3 
(1)(2). For the second claim, since det(X) is defined by X oX, tr(X) and E, 
the first equality is recognized as the inclusion ^. By $x(-^) = det(Ai5 — X), 
the 2nd equality is recognized as the inclusion ^. By Lemmas 1.1 (4) and 

1.2 (1), the 3rd equality is recognized as the inclusion ^. By polarizing 
3det(X) = (X|X|X) with Lemma 1.1 (2), the 4th equality is recognized as 
the inclusion ^. Assume that a G GIj^{J:i,{K)) and [aX) x {oY) = a{X xY) 
for all X,F G JsiK). By Lemma 1.3, tr(«X) = tr(X). By Lemma 1.1 (4), 
{X\Y) = tr(X)tr(r) - 2tr(X x Y), so that {aX\aY) = (X|r). By the 
definition of x, (X o Y\Z) = {X x Y\Z) + (tr(X)(F|Z) + tr(r)(X|Z) - 
(tr(X)tr(F) - (X|F))tr(Z))/2, so that {{aX) o laY)\aZ) = (X o Y\Z) for 
all X,Y,Z e Jsik). By Lemma 1.1 (2), a-\laX) o (aY)) =XoY, that is, 
a G G{K). Hence, all of the equations of the second claim follow. The last 
claim follows from these equations. 

Proof of Proposition 0.1 (2). Note that t'-j = 7r, 7-Ej = E^, '-/E = E and 
det(7X(r; a;)) = det(X(r;x)) by Lemma 1.1 (1), so that 7 G G{KY^^^^^^^^. 
By Proposition 0.1 (1), the last claim follows. For the first claim, put < 
X\Y >:= {tX\Y) G F for X, F G JsiK), which defines a positive-definite 
symmetric (or hermitian) 2-form on ^^{K') (resp. J^{K'^)) over M (resp. 
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C) by Lemma 1.1 (1). For a e G{k), a* e GLpiJ^iK)) is defined such 
that < aX\Y >=< X\a*Y > for all X,Y E J-i{K). By (1), < X\a*Y >= 
{TaX\Y) = T{aX\TY) = T{X\a-WY) =< X\Ta-^TY >, so that a* = 
ra^^T e G{K) because of (1) by det(a*X) = rdet(a-VX) = r2det(X) = 
det(X) and a*E = Ta'^rE = E. Then G{K) = G{KY x R as a polar 
decomposition of C. Chevalley [H p. 201] (resp. [121 p. 450, Lemma 2.3]), so 
that G{Ky is a maximal compact subgroup of G{K). D 

For i e {1,2,3} and a e K, put Bi{a) : J^iK) — > J^{k)-X{r-x) ^ 
X(s;y) such that Si := 0, Sj+i := 2{a\xi),Si+2 ■= -'^{a\xi),yi := -(r^+i - 
ri+2)a,yi+i ■= -Xi+2a,yi+2 ■= ax~^, where^ z,i + 1, z + 2 G {1,2,3} are 
counted modulo 3. Then exp{tBi{a)) e {G{K)Ei)° for t G F. In fact, Si = 
Sj+i = Sj+2 = Vi = Vi+i = yi+2 = if X(r; x) = Ei or E. Put X = X(r; x). 
By Lemma 1.1 (1), (5,(a)X|X|X) = {B,{a)X\X''^) = 2{(a|x,)(r,+2ri - 
N{xi+i) - TiTi+i + A^(xj+2)) - (n+1 - rj+2) (a|a;j+ia;j+2 - riXi) - {x~]^\xi+2Xi - 
Ti+iXi+i) + (ax~pi|xjXi+i - ri+2a;j+2)} = 0, so that exp(t5j(a)) G {G{K)e,)° 
for all t G F by Proposition 0.1 (1), as required. Note that -Bj(a) is nothing 
but y4° given in H. Freudenthal [71 (5.1.1)]. 



For V G {1, y^}, put C^(t) := (e^* + e-''*)/2, 5^(t) := [e"^ - e-^*)/(2z/) 
as F-valued functions of t G F. Then {Gy{t),Sy{t)) = (cosh(t), sinh(t)) or 
(cos(t), sin(t)) if z/ = 1 or \/—l, respectively. Note that 



ra(t) = a(rt), rS^it) = S,(rt), 

a(ti)a(t2) + iy's,{h)s,{h) = a(ti + ^2), 

GUt) = u's^it), sut) = a(t), 

Suiti)G,it2) + a(tl)5.(t2) = S,{ti + t2), 

GliO) = 0, S'M = 1, a(2t) = 1 + 2^/2 ^2^t). 



For I G {1,2,3}, t G F, a G ^ and z/ G {1, 
Jsik) — > Jsik); X(r; x) ^ X(s; y) such that 



1}, put I3i{t;a,i^) 



Si : 


Si+i : 


1 s,+2 : 


1/i : 


1/i+i 


I l/i+2 



2 

ri+i+ri+2 

2 



+ 



n+i-rt+2 



ri+i-ri+2 



a(2t) + (a|x0^.(2t) 
a(2t) - (a|a;,)^,(2t) 



Jjj 



a 



ri+i-ri+2 



S,{2t)~2a{a\x,)Sl{t), 



Xi+2Gu{t) + axiJ^iSuif). 
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For c G F, put Si{c,K) := {x G K\ N{x) = c}, which is said to be a 
generalized sphere [11, p. 42, (3.7)] of first kind overF. 

Lemma 1.4. (1) (i) Assume that i G {1,2,3}, u G {1,^^} and a G 
Si{-iy^,K). Then l3i{t;a,iy) = exp{tB,{a)) G {G{K)eJ° forteW such that 
(3i{t;a,h')T = Tf3i{Tt;Ta,h') for all t G F. Especially, ai := /3j(7r; 1, y^) G 

(ii) Fori G {1,2,3}, put k := A(f ; 1, 7^). Then fii G (G(K)^J° s«c/i 
that PiX = TiEi + ri+2Ei+i + r^+iEi+a + Fi{-xl) + Fi+i{-x~^) + Fj+al^m) 
if X = X(r; x) G j73(-ft'). Especially, for any permutation jj, = {fii, fi2, fJ's) 
of the triplet (1,2,3), there exists /3 G {G{Kyy such that /3(X],=i^j-^i) = 
Ei=i^M,^^, for all r, G F (z = 1,2,3). 

(iii) Put B23 := B2{V^) - Bs^l), B23' := ^2(1) - Bsiy^^e^), B2'3 := 
B2i-V^e^)-B3il), (523{t) := exp(t523), hAt) := exp(t523'), /32'3(t) : = 
exp(t52/3). r/ien /323(t) G (^(irC)")*/! and P23{t)M23{x) = 2t{x\l)Mi + 
M23(x) (x e K^,t e C). ^n£/ /323'(^),/^2'3(t) G (^(ir')")^^!, snc/i t/iai 
/323'(^)^2'3(X) = 2t{^/^ei\x)Mv + M2'3{X), P2'3{t)M2>3{x) = 2t{l\x)Mr + 

M2'3{x) {x eK',teR). 

(2) (i) Let Si{l,K)° be the connected component of Si{l, K) contain- 
ing 1 = eo m K. And 0{K) := {a G GLf{K)\ N{ax) = N{x)}. Then 
5i(l,K) = Oo(i?)(eo) = Siil,ky U i-Siiyky). Especially, Siil, K) = 

5i(i, ky = -5i(i, ky when k = h\ o', c^, h^, o^. 

(ii) For a G 5i(l,^) and i G {1,2,3}, j)nt 5i{a) G EndF(J3(^)) wzi/i 
X(s;y) := (5i(a)X(r;x) snc/i t/iat Si := r^, Sj+i := r^+i^ Si+2 := r-j+2,2/i := 
axia,yi+i := aa;j+i, 7/^+2 := a;i+2a- T/ien 5j(a) G {{G{K)Ej°)E,+r,Ei+2 such 
that 6i{a)ai = crj(5j(a) = 6i{—a) and 5j(a)r = r5j(ra). Especially, 6i{a) G 
(G(ir)£;,,^,,^3)° w;/ien iT = if', O'; C^, /f^, O^. 

(iii) Assume that d^ ^ 4. For a G 5i(l,i^) anc? i G {1,2,3}, j^fii 
/3j(a) G EndF(j73(-ft')) wi^/i X{s;y) := /3j(a)X(r;x) Sfic/i i/iai Sj := rj, Sj+i := 
rj+i,Si+2 := ^i+2,l/j := axia^yi+i := aXi+i,|/i+2 := Xi+2a. Then /3i{a) G 
((G'(ii')£;J°)£;^^,,£;^_^2,F,(i) such that (3i{a)ai = aiPi{a) = (3i{-a). Especially, 
A(a) G (G(i^)E,,£;,,£;3,^,(i))° when k = H'; C^, H"" . 

Proof (1) (i) Put X{u;z) := |/3i(t; a, z/)X(r; a;) - 5i(a)X(r; x). Then 
u^ = Zi = 0, Ui+i = (z/2 + N{ay{{n+i - ri+2)5,(2t) + A{a,Xi)S^,{t)) = = 
-^i+2, 2:^+1 = {^"^ + N{ayxi+iS^{t) = 0, Zi+2 = {^"^ + N{ayxi+2S„it) = 
0, i.e. f^Pi{t;a,u)X{r;x) = Bi{a)X{r;x) {t G F) with /3i(0; a, z/)X(r; x) = 
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X{r;x). Hence, /3i(t;a,h') = exp(tBi{a)), so that f3i{t;a,h') G {G{K)Ei)° and 
(3i{t;a,h')T = exp(ti?j(a))r = rexp((rt)i?i(ra)) = Tf3i(t;a,h') for all t G F. 
Especially, ai{t) := /3i(7rt; 1, 7^) G (G'(^)^J° for all t G M such that 

(ii) The first claim follows from (i), so that the second claim follows. 

(iii) For a,b e K^, (52(a) - 53(6))Mi = M23i-V^a - h). Then 
B23M1 = by a = y^ and 6=1. For a; G K^, (^sja) - B3{h))M2z{x) = 
X(— 2((a| V— lx) + (6|x)), 2(6|x), 2(a|v^^x); ax+ V— 1 ^a:, 0, 0). In particular, 
523M23(a;) = 2(l|a;)Mi. Hence, /323(t) G (G(ir^)°)M, and /323(t)M23(a;) = 
2t(l|a;)Mi + M23(x) for x G iT"^ and t G C. For a,b e K', (^2(0) - 
B3{h))Mi, = M2'3(av/^e4 - b). Then fias'Mi/ = 52'3Mi/ = by 6 = 
0^/^64 with (a, 6) = (1, ■\/^e4), (— v^^e4, 1). For x G iC', (i?2(a) ^ 
B3{b))M2'3 ix) =X(-2((a| - ^^64^) + (6|a;)), 2(6|a;), 2(a| -y^e4x);ax- 
(v/^e4x)6,0,0), so that B23'M2'3{x) = 2{y/^e4\x)E2 - 2{l\y/^e4x)E3 + 
Fi{x + y/-ie4{xy/^e4)) and B2'3M2'3{x) = 2(l|x)Mi/. Put x = p + g^^e4 
with p,q E H, so that x = p — q^f^-Ve^. Then {^ —\ei^{x\f^-\e^ = 
p + g^/^e4, X — v^^e4 (2:^^64) = — (g + g)v^^e4 = 2(v^^e4|a;)v^^e4. 
And 523'M2.3(a:) = 2{y/^e4\x)Mr. Hence, /323'(t),/32'3(t) G (G'(;rC)°)M„ 
such that f323'{t)M2'3{x) = 2t{^f^e4\x)Mv + M2>3{x) and [52'z(t)M2>3{x) = 
2t{l\x)Mr + M2'3{x) ior X e K' andt eR. 

(2) (i) Since i^ is a composition algebra. La G 0{K) for all a G 5i(l, -ft'). 
Hence, <Si(l,ir) = {L,(eo)| a G <Si(l,ir)} = Oow(eo). Put 50(i^) : = 

{a G 0(ir)| det(a) = 1}. When rf^ = 1: 5i(l,i^) = {±eo}, Si{l,k)° = 
{eo}, Si{l,k) = Si{l,ky U (-5i(l,ir)°). When rf^ = 2,4,8: 0(7^) = 
SO{k) U 50(i^)e with e(eo) = cq, 50(^) = -SO{K), so that >Si(l,ir) = 
^so(K)i^o) = "C'^oi'^^Jeo) = — 51(1,7^). Since SO{K^) is connected. 



5i(l,irC)° =5i(l,ir^) = -S^{l,K^r. 
And Md .(M) i SO{K') ^ S{0{dK'/2) x 0(rfx'/2)) x R(^K'/2)^ p^t 



1„ := diag(l, ■ ■ ■ , 1), 1; := diag(l„_i, -1) G M^iK'). 

When dK'/2 = 2,4, SO{K') admits just four connected components contain- 
ing idi^., diag(i;^^,/2'l<iK'/2)' diag(ld^,/2,i;^^,/2), diag(i;^^,/2.1d^,/2)' so that 
S^{1,K') = OsoiK'){eo) = 050(x')°(eo) = S^{l,Kr■ 

(ii) For a G Si{l,k), 6i{a) G GLr{J3{k))E,,E2,Es with 6i{a)-^ = 6i{d), 
Si{a)T = Tdiira) and Si{a)E = E. By Lemma 1.1 (1), det((5j(a)X(r; x)) = 
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rir2r3 + 2{ax~a\(aXi+i){xi+2a))-riN{aXia)-ri+iN(aXi+i)-ri+2N{xi+2a) = 
^i^2^3 + {2{xi\xi+iXi+2) - riN{xi))N{ay - (ri+iN^Xi+i) + ri+2N{xi+2))N{a) 
= det(X(r;a;)). By Proposition 0.1 (1), 6i{a) G {G{K)E^,E2,E'i)° for a G 
Siil.ky. And 5i{-a) = aA{a) = Si{a)ai with a, e i{G{K)Ej°)E,^„E,+, 
by (l)(i). By (i), {5,ia)\ a E <Si(l,i^)} = {5,{a),5,{-a)\ a E 5i(l,i^)°} = 
{6^{a),6^{a)a^\ a E Si{l,Ky} g {G{K)eJ°)e,+2,e,+,. By the last claim of 
(i), {(5,(a)| a E Siil,k)} = {5,(a)| a E 3,(1, Ry} g {G{k)E„E„E,y when 
k = H',0']C^,H^,0'^. 

(iii) K is associative by dp^ ^ 4. Hence, GLf{J'i{K))E^,E2,Ez,Fi{i) 9 
/3j(a) is well-defined such that [3i{ay^ = Si{d), /3i{a)T = Tf3i{Ta), [5i{a)E = 
E. Then det(/3j(a)X(r; x)) = rir2r3 + 2{aXia\{aXi+i){xi+2a)) — riN{aXia) — 
ri+iN{aXi+i) - ri+2N{xi+2a) = rir2r3 + {2{xi\xi+iXi+2) - riN{xi))N{af - 
{riJ^iN{xi^i) - ri+2N{xi+2))N{a) = det(X(r;a;)) by Lemma 1.1 (1). Be- 
cause of Proposition 0.1 (1), /3i{a) E {G{K)Ej^,E2,E3,Fi{i)y for a E Si{l,Ky. 
By (1) (i), ai E ((G(ir)i,J°)s,^,,s^^, with A(-a) = aA{a) = A(a)o-,. By 
virtue of (i), {(3i{a)\ a E^Siil^K)} = {/3,(a), A(-a)| a E <Si(l,ir)°} = 
{(3i{a),(3i{a)ai\ a E Si{l, Ky} is contained in {G{K)EJ°)E,+2,E,^+3,F^(l)■ By 
the last claim of (i), {f3i{a)\ a E Si{l,K)} = {f3i{a)\ a E 51(1,7^)°} is con- 
tained in {G{k)E,,E2,E,,F,(i)T when k = H' ■ C^, H^ with d^ ^ 4. D 

Put Gj{k^) := {l3j{t;a,y/^)\ j E J,t E R,a E k^,N{a) = 1} for 
any subset J g {1,2,3}. By Lemma 1.4 (1) (i), Gj{k^) C {G{kyy. By 
Proposition 0.1 (2), G{Ky and the identity connected component {G{Kyy 
are compact. 

Lemma 1.5. (1) For any X E J'3{K)t- and any closed subgroup H of 
G{ky such that Gj{k^) g H with some J g {1,2,3}, 

Oh{X) r\{Y E JsWI {Y\Fj{x)) = 0{jeJ, xE kr)} ^ 0. 

(2) 0(^(^).).(X) n {diag(ri,r2,r3)| r, E R {% = 1,2,3)} ^ jor any 
X E JsiK)^, where {ri,r2,r3} = A^ ijf diag{ri,r2,rs) E C(c'(i^)-)°(^)- 

(3) OciKriX) n{Y + v/^diag(ri,r2,r3)| Y E MK), r, E R {i = 
l,2,3)}7^0/oran?/Xe J3(i^'^). 

(4) 0(^g{K'yAX) n {X(s;|/)| s, G M, y, = V^p^e^, pi E K H K' {i = 
1,2,3)}^^$ for any XEJsiK'). 
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Proof. (1) (cf. [2T, 3.3]): Since the closed subgroup H of the compact 
group G{Ky is compact, the orbit Oh{X) is compact, which is contained in 
JsiK)^ if X e JsiK)^. Put : J,{K)^ ^ R; X(r; x) ^ ^^^i ^', which is a 
continuous M-valued function admitting a maximal point X(r;a;) G Oh{X). 
Suppose that {X{r,x)\Fj{q)) ^ for some j E J and q G i^,-- By Lemma 1.1 
(1), 2{xj\q) 7^ 0. Since {x\y) is non-degenerate on K and -ft'^, i^ = K^- © i^^ 
for i^^ := {x G -ft'] (x|y) = (y G i^r)}, so that a;^ = i/j + yf for some 
yj G -ft'r and yf G -ft'^. Then (|/j|g) = {xj\q) ^ 0, so that yj ^ and 
(%l%) = (^%l%) > 0- Put a := yj/^/JjJf\y]) G ^r, so that (a|a) = 1. By 
L emma 1 .4 (1) (i), /3j{t; a, a/^) g Gj{Kr) £ H. Put e := {a\xj) = {a\yj) = 
y(^;^ > 0, sf := (r,+i ± r,+2)/2 G M and Y{t) := /3,(t; a, V^)X{r; x) G 
J3(ir),. Then 0(r(t)) = rj + ^^(5+ ± (sj cos(2t) + £sin(2t)))2 = r] + 
2(4)2 + 2{sj cos(2t) + e sin(2t))2 = rj + 2{s+y + 2((st)2 + e') cos(2t + 0) 
for some constant oi t determined by sj and e > 0. Hence, 0(F(^)) = 
r| + r|_^i + r|+2 + 2^^^ = 0(X(r; x)) + 2e2 ^ 0(F(^)) + 25^ by the maximality 
of (j){%{r\ x)), which gives e = 0, a contradiction. 

(2) Take X G Jal^)^. By (1) on H := (G(ir)-); ^ G|i,2,3}(i^r), 
there exists (3 E H such that (/3X, Fj(x)) = (x G -ft'r;^ = 1,2,3), so 
that f3X = diag(ri,r2,r3) for some ri E R {i = 1,2,3). In this case, 
$x(A) = $diag{ri,r2,r3)(A) = ^f=i{>^ " r^), SO that {ri,r2,r3} = A^. Con- 
versely if {ri,r2,r3} = A^, then diag(si, S2, S3) G 0((j(j^)r)o(X) for some 
{si,S2,S3} = Ax, so that diag(ri,r2,r3) G C'(G(i?)-)°W by Lemma 1.4 (1) 
(ii). 

(3) Take X e JsiK^). Then X = Xi + ^/^X2 for some X^ G J3(ir) = 
J^{K^)r {i = 1,2). By (2), there exist /3 G (G(K'^)")° = ^(ir)" and 
{ri,r2,r3} C M such that (3X2 = diag(ri,r2,r3), so that f3X = f3Xi + 
\/^(3X2 has the required form with f3Xi G J^{K). 

(4) Take X G J3(i^')- Then X = X+ + X_ for some X± G MK')±r- 
By (1) on i/ := {G{K'YY 2 G{i.2,^}{Kr). there exists [3 e H such that 
/3X_|_ = diag(ri,r2,r3) for some r, G R. Then /3X = /3X_|_ + /3X_ has the 
required form because of /3X_ G J'i{K')^r = {X(0;y)| yi = v^— 1^264; pi G 
irnfs:' (z = l,2,3)}. D 

Lemma 1.6. (1) For a positive integer m, let /(Xi, ■ ■ ■ ,Xm) be a J^{K)- 
valued polynomial of E and Xi, ■ ■ -X^ G J^{K) with respect to o, x and 
the scalar multiples o/tr(Xj), (Xj|Xj), det(Xj) and (Xj|Xj|Xfc) fori,j,k G 
{1, ■ ■ ■ ,m}. Assume that /(Xi,X2,--- ,Xm) = for any X2,---Xm G 
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J^{K) and all diagonal forms Xi in J^i^. Then 
f{Xu ■■■ ,X^)=Ofor all Xi, ■ ■ -X^ G Jal^"^)- 

(2) Assume that X,Y E Jz{K). Then: 

(i) X o ((X o X) o r) = (X o X) o (X o F); 

(ii) X''^oX = det(X)E, (X^2)x2 _ det(X)X; 

(iii) X^^xx = -\{ti{X)X'''^ + ti{X'''^)X-{ti{X''^)ii{X)-det{X))E}. 

(3) Vx is the minimal subspace over ¥ generated by X and E under the cross 
product. Especially, ipxW^'^ ^ Vx for all A G F. 

(4) (^x(Ai)^2)^2 = z/X G JsiK) and Ai G C with $x(Ai) = 0. 

(5) M23{K) = {X G JsiKU XX2 ^ 0, tr(Xx2) = Q, (Xx2)x2 = 0} and 
{Xx^\ X e M23{K)} g M,iK). 

Proof (1) (cf. [7, p.42], [28, p.74, ££.2-4], [6, p.91, Corollary V.2.6]): By 
Lemma 1.5 (2), any Xi G JsiK) admits some (3 G G{K) = G{K^y such 
that /3Xi is a diagonal form in J73(M). Then /(/3Xi,X2, ■ ■ ■ ,Xm) = for 
any Xj G Jz{.K) with i G {2, ■ ■ ■ ,m}. By Proposition 0.1, /3 preserves o, x, 
tr(*), (*!*), det(*), (*| * I*) and E, so that /(Xi,/3-^X2 ■ ■ ■ ,/3-^X^) = 
for all Xi G :73(K) (i = 2,--- ,m). Hence, /(Xi,--- ,X„) = for all 
Xi G Jz{K) (i = 1, ■ ■ ■ ,?7i). Since this formula consists of some polynomial 
equations on the R-coefficients of each matrix entry of Xj's with respect to 
the M-basis {e^} of K, the formula holds on J^i^K^) = JsiK) ^k C. 

(2) The formulas in (i) and (ii) are polynomials of X, Y and E with 
respect to o, x, tr(*), (*|*), det(*), (*| * |*). If X is a diagonal form in 
J73(M), the formulas can be checked by Lemma 1.1 (1), easily. By (1), the 
formulas (i) and (ii) hold for any X,Y E J^{K'^). Hence, they hold for any 
X, y G J?i{K) ^ J'^{K'^). The formula (iii) follows from the first formula of 
(ii) and the definition of cross product with {X^^\X) = 3 det(X). 

(3) follows from the formulas in (ii), (iii) and Lemma 1.1 (3). 

(4) {ifxiXirT' = det(v9x(Ai))<^x(Ai) = $x(Ai)^x(Ai) = by the 
second formula of (ii) in (2). 

(5) By (2) (ii), (Xx2)x2 _ det(X)X, so that (X^'Y^ = if and only if 
det(X) = 0, which gives the results. D 

The formula (i) of Lemma 1.6 (2) implies that {J^^{K),o) is a Jordan 
algebra over F, which is also reduced simple in the sense of N. Jacobson fi6\ 
Chapters IV, IX], where J'iiK) is called split iff K is split (i.e. non-division), 
that is the case when K = K' or K' . 
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Proof of 'Proposition 0.1 (3) when K = K" (cf, [7], [271 4.1 Proposition]). 
Take any X e Vi^K) C Jz{K) = J^{K^y . By Lemma 1.5 (2) with K = K^, 
there exists a G G{K)° = {G{K'^Y)° such that aX = diag(ri, r2, ra) for 
some ri,r2,r3 G R. By tr(a;X) = 1 and (aX)^^ = 0, ri + r2 + rs = 1 
and rars = rgri = rirg = 0, so that (ri,r2,r3) = (1, 0, 0), (0, 1, 0), (0, 0, 1). 
By Lemma 1.4 (1) (ii), there exists [5 G {G{K^Yy = G{K)° such that 
/3(aX) = El. D 

H. Freudenthal [71 5.1] gave the diagonahzation theorem on Jz{0) with 
the action of {a G ^(0)1 tr(aX) = tr(X)} (cf. [27, 3.3 Theorem], [201 
p. 206, Lemma 1], [231 Proposition 1.4], [6] p. 90, Theorem V.2.5]), which is 
developing to Lemma 1.5 (2) for K = O^ with J^{k)^ = Jz{0^)r = MO) 
under the action of G{kY = G{0^y ^ G{0) =: F4. L Yokota [271 4.2 and 
6.4 Theorems] proved the connectedness and the simply connectedness of F4 
by the diagonahzation theorem of H. Freudenthal (cf. [HI Appendix], [201 
p. 210, Theorem 3], [TUl p. 175, Proposition 1.4]). O. Shukuzawa & I. Yokota 
[22i p. 3, Remark] (cf. [2^ p. 63, Theorem 9; p. 54, Remark]) proved the 
connectedness of F4 := G{0') by showing the first formula of Proposition 
0.1 (1) by virtue of Hamilton-Cayley formula on Jz{0') given as the first 
formula of Lemma 1.6(2)(ii) (cf. [2H p. 119, Proposition 5.1.5], [HI Lemma 
14.96]). Because of Ff = (Ff )^ x M52 ^j^^ {F^f = F4 [SHI Theorem 2.2.2] 
(cf. Proposition 0.1 (2)), F^ := G{0^) is connected and simply connected, 
so that F4 = [F'^Y'^ is again proved to be connected by virtue of a theorem 
of P.K. Rasevskii [21|. 



2. Proposition 0.1 (3) and (4) (i). 

Assume that K = K' or K^ with K' = C',H' or O'; and K'^ = 
R^,C^, H^ or O^. And put a := ai defined in Lemma J. 4 (1) (i) such that 
a^ = id^3(^). Then MK) = MK)^ © JsiK)^^, MK)^ = {Eti^F, + 

Fi(xi)| ri G ¥,xj G K} such that J-iiK)^^ = {F2{x2) + F:i{xs)\ X2,X3^G 

K} = {xe Mk)\ {XX) = (r G Mk)„)}. knAMk)^ = ¥Ei®j2{k) 

with J2{k) := (EL^i^i + ^ii^i)\ r^ e F,xi G k}. By Lemma 1.1 (1), 
J3(ir) X ={r(F2 + i5;3)|rGF}andJ3(i^)_^x = {r(F2-F3) + i^i(x)| r G 

F, X G iT}, so that J2{k) = J-i{k)^. © Jsik)^^. . 

Lemma 2.1. (l) G(ir)^, = ^(ir)^^^^^,,^^^^^^^) ,^.(x),j3W±.- 



±L, 
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(2) (i) {X((X|Ei),S2,S3;0,0,0)| S2, S3 G M; S2 ^ S3} n 0(g(/^)^^)o(X) ^ 
and {X{{X\Ei),t2, h; u, 0, 0) | ta, h,ueR;u^O}n 0^(G(K)^,r)^^ ^, (X) ^ 

(ii) {X((X|Ei),S2, S3; ^7^64, 0,0)1 S2,S3,M G M; M ^ 0, S2 ^ S3} n 

(iii) {X((X|Ei),t2 + \/^S2,t3 + ^^S3;M,0,0)| t2,t3,S2,S3,M G M; M ^ 

0, S2 ^ S3} n 0(G(i^)o)^^(x) 7^ z/x e J3(i^^).. 

Proo/. (1) For a e G[K)e^, one has that a(E2+j53) = a(E-Ei) = aE- 
aE\ = E — El = E2 + E3 and a^73(_ft')_|_^x = J'3{K)_^j^x since a preserves 

'2E-\ '2E-\ 

X by Proposition 0.1 (1), so that aJ-i^K) = J2{K), aj^{k)„ = J^{k)^ and 
aJ^{K)_a = J^{K)^fj because of the orthogonal direct-sum decompositions 
of them and that a preserves (*|*) on J-i{K) by Proposition 0.1 (1). 

(2) (i) Take any X G J^s{K)cr. Then there exist r^ G M and Xi E K such 
that X = X(ri, r2, r^; Xi, 0, 0). By Lemmas 1.4 (1) and 1.5 (1) with K = K = 
K^, F = R and H := {G{K)e^)° 2 Gj{.K) with J = {1}, there exists aeH 
such that {aX)p-^ = 0. By (1), aX G J^{K)„, so that aX is diagonal with 
Si := iaX\Ei) e R {i = 1,2,3) such that si = {aX\aEi) = (X|Ei) = n. If 
S2 = S3, then aX gives an element of the left-handed set of the first formula. 
If S2 < S3, put ai := /?!« with f3i G {G{K)ei)° given in Lemma 1.4 (1) (ii), so 
that aiX gives an element of the left-handed set of the first formula. Hence, 
follows the first formula. 

If Xi = 0, then X gives an element of the left-handed side of the second 
formula with -u = G M. If Xi 7^ 0, put a := Xi/ ^^/(x'^]xl) G 51(1,7^), 
so that 53(a) G {{G{K)E,i)°)Ei,E2 i^i Lemma 1.4 (2) (ii) such that 63{a)X = 
X(ri,r2,r3; M, 0, 0) with u := \/{xi\xi) > 0, which gives an element of the 
left-handed side of the second formula. Hence, follows the second formula. 

(ii) Take any X G JsiK')^. By Lemmas 1.4 (1) and 1.5 (1) with K = K' 
and H := {G{K%J° 2 Gj{K'^) with J = {1}, there exists l3 e H such that 
(/3X|Fi(x)) = for a\\ X e K'^ = K n K'. By (1), /3X G JsiK')^. Hence, 
I3X = X((X|^i),S2,S3;y^ge4,0,0) for some q e K nK'. Put ai := /3 
(if S2 ^ S3) or /3i/3 (if S2 < S3), so that ai G -ff by Lemma 1.4 (1) (ii). 
Then aiX = X{{X\Ei), S2, S3; y/^qe^, 0, 0) for some qE Kn K ' 32, 83 G M 
with S2 ^ S3. Put a := ai (if g = 0) or ^3(0)/? for a := q/ \/{q\q) G K'^ 
with N{a) = 1 (if g ^ 0), where ^3(0) G ((G(ir')E3)°)k,i^2 ^ (G(^')°)E;, 
by Lemma 1.4 (2) (ii). Then aX = X((X|i5i), 52, S3; v^— T-ue4, 0, 0) with 
u := \/N{q) ^ 0, which is an element of the left-handed set. 
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(iii) Take any X G J^iK^)^. Then X = Xi + 4^X2 for some X., e 
Jz[K)„ [i = 1,2). By (i), there exist ai G {G{K)e,)° such that ai(X2) = 
X((X2|-E'i), S2, -Ss; 0, 0, 0) for some S2, S3 G M with S2 ^ S3. Because of 
JsiK)^ 3 ai(Xi) = X{{Xi\Ei),t2,t3]X,0,0) for some t2,t3 G M and x G iT, 
so that ai{X) = X{{X\Ei),t2 + \/— Ts2,t3 + ^/^ss; x, 0, 0). Put a := ai 
(if X = 0) or 63{a)ai with a := x/ ^y{x\x) G 5i(l,K) (if x 7^ 0), where 
53(a) G ((G'(/s:)£3)°)i5,,£2 by Lemma 1.4 (2) (ii). Then a G {G{K)°)e, and 
aX = X((X|Ei),t2 + \/^S2,t3 + \/^S3;m,0,0) with u := ^ix\x) ^ 0, 
which is an element of the left-handed set. D 

For c G F, put S2{c,k) := {W G JsiK)^^.^ \ {W\W) = c,W ^ 
0}, which is said to be a generalized sphere of second kind over F. Then 

G{K)ei = HcGF G'(^)£;i,52{c,i?). 



Lemma 2.2. (1) J3{K')_^^ = {Ucm<S2{c, K')) U {0} such that 
(i-1) S2{c,K') = 0(g(/^o°)k,(v^(^2 - E3)) for c > 0; 
(i-2) S2{c, K') = O^GiKr)E, (y^i^i(v/^e4)) for c < 0; 
(ii) S2{^,K') = O^G{Kr)E,iMv); and 
(iii){0} = O(G(/^0°K(0)- 

(2) J3(^^)_L-^ = {UcecS2{c, K^)) U {0} such that 
(i) 52(c, i^C) = 0(G(xc)o),^ ( v^(i52 - Es)) for c G C\{0}; 
(ii) 62(0, K^) = 0(G(i,c)o)^^(Mi); and 

(iii){0} = O(G(^C)o)^^(0). 

Proo/. (1) For VT G J3(^')-L2>'^ > P^t c := {W\W) G M. By Lemma 

2.1 (1) and (2) (ii), aW = X(0, s, -s; ^7^64, 0, 0) for some s ^ 0,m ^ 
and a G (G(ir')°)^j. Then c = (aiy|aiy) = 2(s2 - u^). For t G M, put 
X(r;a;) := f3i(t; \^^e4,l){aW), so that ri = a;2 = ^3 = 0, r2 = — r3 = 
cosh(2t)(s — 'atanh(2t)) and Xi = V\f^-Ve^ with v := cosh(2t)(-a — stanh(2t)). 
(i-1) If c > 0, then s > u ^ and \u/s\ < 1, so that tanh(2t) = u/s for 
some t G M such that v = and r2 = cosh(2t)(s^ — u'^)/s > 0. In this case, 
X(r;x) =r2{E2- E3) with c = {W\W) = (X(r; x)|X(r; x)) = 2(r2)^ so that 

X(r;x) = ^(E2-E3)G'52(c,i^')- 

(i-2) If c < 0, then -a > s ^ and |s/-a| < 1, so that tanh(2t) = s/u for 

some t G M such that r2 = and v = cosh(2t)(-u^ — s^)/-a > 0. In this case. 
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X{r;x) = vFii^^e^) with c = {W\W) = {X{r; x)\X{r; x)) = -2v^, so that 
X(r; x) = 



11, iiij 



If c 



0, then s^ — -u^ 



c/2 
anc 



0, so that s 



u 



> and 



^* When -u 7^ 0: -u > and -ue ^* = 1 for some t G M. In 
E2- E3 + Fl{^/^e4)) = Mr e ^2(0, K'). When m = 0: 



r2 = f = we 

this case, X(r; x) = -E2 — -^3 + -^1 

r2 = V = u = and X(r; x) = G {0}. 

(2) For W G J3(^^)_LX^ , put c := (W^IVT) G C. By Lemma 2.1 

(1) and (2) (iii), aW = X(0,t2 + 52 7^,-^2 - S2V^;u,0,0) for some 
t2,S2,M e R with S2,M ^ and some a G (G(/s:)i?J° g {G{K'^)eJ°. 
Then c = {aW\aW) = 2((t2 + 52^^)^ + u"^)- For t G M, put X(r; x) := 
/3i(t;l,v/^)(aW^) with /3i(t;l,v^) G (G(/s:)£j° i {G{K^)e^)°, so that 
ri = a;2 = ^3 = 0, r2 = — rs = (t2 + S2V—T) cos(2t) + ■usin(2t) and 
xi = u cos(2t) — (t2 + S2\^—T) sin(2t). 

(i) Ifc^O, then {t2 + is2 + u)y/^){t2 + is2-u)y/^) = c/2^0, so that 
gV^4t ^ (^^^ ^^^ ^ ^)yri)/(t2 + (s2 - u)y/^)^ for some t G C, and 

T) = 
0. In this 



that xi = M(ev^2t ^ e-^^2t)/2 - {t2 + S2V^){e^^^' 



/-I 



-V=T2t 



e V ^^^)/(2, 



2 -{fe + (S2 - w)v/^)e^-i2* _ (t2 + (S2 + w)V=T)e-^-i2*} 
case, X(r; x) = r2(-E2 — E3) with c = (X{r;x)\X{r;x)) = 2(r2)^, so that 
X(r;x) = ^^(^2 - E3) e <S2(c,ir^). 

(ii, iii) If c = 0, then t^ — s'^ + u'^ + 2t2S2V^— T = c/2 = 0, so that t2S2 = 0. 



When S2 = 0: t2 = u - 
u = S2 > 0, r2 = -r3 
such that \/—lue 
S2{0,K^). 



-2tv 



= 0, SO that X(r; x) = 

I T _2/^/— 1 

= \/ — \ue ^ , x\ 
^ = 1, so that Xfr; x) 



G {0}. When S2 ^ 0: t2 = 0, 
= ■ue"^*^'^. There exists t G C 
= E2 - E3 + i^i(v/^) = Ml G 

D 



Lemma 2.3. (1) //F = X(r;a;) G :r2(is:), i/ien tr(F) =r2 + r3, det(Ei + 
Y) = r2r3 - A^(a;i) and V^ = det{Ei + Y)Ei. 

(2) For any X G J^{k)„, there exists Y G J2{K) such that X = 
iX\Ei)Ei + Y and that Y = ^(^2 + Es) + W for some W G J^{k)^^.^ 

such that {W,W) = |(tr(r)2 - 4det(Ei + Y)). In this case, put ^y(A) : = 
A^ - tr(F)A + det(Ei + Y) = {\- A2)(A - A3) with some A2, A3 G C. Then 
$^(A) = (A - (X|Ei))^y(A) and 2{W, W) = (A2 - A3)2. 

(3) C'(G(i?r)° W n J2(^) ^ «/x G J3(^) ^«^/i x^' = 0. 

Proof. (1) By Lemma 1.1, one has the first and the second equations. 
And F^2 _ i(2r2r3 - 2A^(a;i))^i = det(Ei + Y)Ei. 
(2) Take X := X(ri,r2,r3; Xi, 0, 0) G JaiK)^. Put 
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Y := X(0,r2,r3;xi,0,0), W := ^^^y^(^2 - ^3) + Fi{x,) G J2{k). 

Then X = riEi + Y, Y = '^{E2 + Es) + W; tr(r) = r^ + r^, det{Ei+Y) = 
rars - N{xi) and {W\W) = ^^:2zp)l + 2iV(a;i) = |(tr(r)2 - 4 det(Ei + F)). 
By Lemma 1.1 (1), v^x(A) = (A - ri)(A - r2)(A - rs) - (A - r,)N{xi) = 
(A - ri)(A2 - (r2 + r3)A + (r2r3 - iV(a;i))) = (A - ri)^Y(A). Because of 
^y(A) = (A-A2)(A-A3), one has that tr(r) = A2 + A3, det(Ei + r) = A2A3, 
so that 2{W, W) = (A2 + A3)2 - 4A2A3 = (A2 - h)^. 

(3) Take X e J^{k) with X^^ ^ g. (i) When K = K': By Lemma 
1.5 (4), aX = E?=i(si^i + Fi{piy/^e4)) for some piE KnK', Si^R and 
a G (G(ir')n°, so that = a(Xx2) = (aX^^ = Eli(sms.+2+2iV(p,))E,+ 
E?=i^i(Pi+iPi+2-'SiPjV^^e4), that is, Sj+iSj+2 + 2A^(pi) = P^Pj+2 = SiPi = 
for all i G {1, 2, 3}. (Case 1) When Pi = for all i: = S2S3 = S3S1 = S1S2, 
so that aX = SiEi for some i. If i = 2 or 3, then aX G J'2{K'). If i = 1, 
then /33(aX) = S1E2 G J2(i^') by /33 G (^(ir')")" defined in Lemma 1.4 (1) 
(ii). (Case 2) When pj 7^ for some i: pi+i = pj+2 = and Sj = 0. If 
i = 1, then aX G :r2(K'). If i = 2, then /33(aX) G :r2(/s:')- If ? = 3, then 
/32(aX) G :r2(ir') by /32 G {G{K'yy defined in Lemma 1.4 (1) (ii). 

(ii) When K = K'^: aX = Y + v^^diag(r'^, rg, Tg) for some r'- eW {i = 
1, 2, 3), r G JsiK), and a E G^Kf = {G{K^y)° by Lemma 1.5 (3). Putting 
Y = X(r; x), Si := r^ + y/^r'^ E C, one has = (aXy^ = Y.^i^iii^i+i^i+2 - 
2N{xi))Ei + Fi{xi+iXi+2 - SiXi)}, that is, = r-Xj = Xi+iXi+2 - riXi = 
Si+iSi+2 — 2N{xi) for all i E {1,2,3}. Then (Case 1) Xj = for all i, (Case 
2) Xj 7^ 0, Xj+i = a;j+2 = for some i, (Case 3) Xi 7^ 0, Xj+i 7^ 0, Xj+2 = 
for some i; or (Case 4) Xj 7^ for all i. In (Case 1), = Sj+iSi+2 for all i, 
so that aX = SiEi for some i. If i = 2 or 3, then aX E J'2{K^). If i = 1, 
then PsiaX) = S1E2 E J2{K^) by (3^ E {G^K^Yf defined in Lemma 1.4 
(1) (ii). In (Case 2), = r- = ri, so that aX = Si+iEi+i + Sj+2-Ei+2 + Fi{xi) 
and that /3k{aX) E J2{K^) for some (3k E {G{K^y)° defined in Lemma 1.4 
(1) (ii). In (Case 3), = r^ = rj = r'^^i = rj+i = N{xi) = X(xj+i), so that 
aX = Si+2Ei+2 and that 4(aX) G J2{K^) for some (3^ E {G{K^Y)° defined 
in Lemma 1.4 (1) (ii). In (Case 4), r^ = for all i, so that aX E J^siK) 
and that ai{aX) is diagonal for some tti G G{K)° by Lemma 1.5 (2). Then 
l3{ai{aX))) E J2iK^) for some l3 E {G{K^yy by the argument on (Case 
1). D 
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Proof of Proposition 0.1 (3) when K ^ K. Take any X G V2{K). By 
(3), aiX e J2{k) for some m E iG{kyy. By (1), det(Ei + aiX)Ei = 
(aiX)^2 _ c^(x^2) _ 0, i.e. det(Ei + aiX) = 0. By (2), a^X = '-^^^{E2 + 
E3) + W^ = 1(^2 + ^3) + W^ for some W G J3(;r)_^x^ such that {W\W) = 
|(tr(aiX)2 - 4det(Ei + aiX)) = i, so that W E 62(1/^2, K). By Lemma 
2.2 (1)(2), a2W = \{E2 - E^) E 82(1/ V2,k) for some 02 E {G{k)E,y. 
Then a2{aiX) = \{E2 + ^3) + \{E2 - ^3) = E2 by Lemma 2.1 (1). By 
/33 G (G(^)^J° defined in Lemma 1.4 (1) (ii), /33(a2(«iX)) = ^1, where 
/33a2«i e G{ky. D 

Proof of Proposition 0.1 (4) (i)- Take any X G M.i{K) defined in Lemma 
1.6 (5). By (3), ^ aX G J2{k) for some a E {G{kyy with tr(aX) = 
tr(X) = 0. In this case, by (2), aX = '-^^{E2 + E^) + W = W for some 
W E J3{k)^^x . And {aX\aX) = {X\X) = {XoX\E) = -2{X x X\E) = 

-2tr(X^2) = by Lemma 1.1 (4). Hence, aX E 82(0, k). By Lemma 2.2 
(1) (ii) or (2) (ii), there exists /3 G {G{Ky)E, such that l3{aX) = My (when 
k = K') or Ml (when k = K^). D 



3. Theorems 0.2 and 0.3 in (1) (i, ii). 

Assume that X E Jz{K) admits a characteristic root Ai G F of multiphc- 
ity 1. Then ^ $x(^i) = tr((^x(Ai)''^) by Lemma 1.2 (2), so that 



ExM ■= —, 7TT-.Vx{\y' G V: 



tr(v9x(Ai)) 



X 



is well-defined. Put Wxm ■= X - \iExm " ^^^^^'^Ex,^S'^) ^ ^x- Then 



Lemma 3.1. Assume that X E Jz{.k) admits a characteristic root Ai G F 
of multiplicity 1. Then: 

(1) Vxr\V2{k) 3 ExM + 0, ^z^,.,^(l) ^ 0, El\ = 0, 2ExM X 
V^s^,Ai(l) = V's^,Ai(l). VEj,,,^iiy^ = ExM, 2ExM x Wx,x, = -Wx,x,; 
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(2) Vx = ¥ExM © ^VE^.^il) © ¥WxM such that vx = 2 {if Wxm = 
0) orvx = 3 {ifWxM ^ 0) with {Exm\^e^ ,.^{l)) = (ExmI^xm) = 
{^e^^,^{1)\Wxm) = 0, {Exm\Exm) = 1. 
{^E.,,^{1)\VE.^,^{1)) = 2 and {Wx,m\Wxm) = Ax(Ai). 

Proof. (1) Put Z := v?x(Ai) and Y := Z^^ so that F^^ = Q by Lemma 
1.6 (4). Then Ex,x, = ^F, tr(Ex,Ai) = 1 and E^^^ = 0, so that Ex,x, G 
V2{K)nVx. Note that tr(v9E^^^(l)) = tr(E) -tr(Ex,Ai) = 3 - 1 = 2 ^ 0, so 
that ipE^,,^il) 7^ 0. By Lemma LI (3), 2Ex,x, x v^i,^',^(l) = 2Exm ^ (E - 
Exm) = 2ExM xE = tT{Ex,xjE - Exm = Ve^,,^{1) and ^e^,,^{IV^ = 
{E-ExmY^ = E'<^-2ExExM = E-Ve^,,^{1) = Exm- By direct compu- 
ations, Wx,Xj = 2^^^x x i^) ~ ^- ^J Lemma L6 (2) (iii) and det(Z) = 0, 
2ExM X ^ = trfr)^"' ^'^ = T^=tMZ)Y + tTiY)Z - tTiYMZ)E + 
det{Z)E) = -tr{Z)ExM - Z + ii{Z)E = -Z + ti{Z)^Ex,xS^)- Hence, 
2ExM X Wx, = '-^VEx.xS^) + Z- tT{Z)^Ex,^{l) = Z- HM^^^^^(i) = 
-WxM- 

(2) Since Vx is spanned by E,X,X^^ vx := dimpVx ^ 3. If Wxm ^ 
0, then Ex,Xi, VExx (1)' ^XM ^^^ eigen- vectors of L^^^ ^ with different 
eigen-values 0,1,-1, i.e. vx = 3. If Wxxi = 0, then X = XiExxi + 
'^^^^^Ex^^S^) and XX2 = Ai(tr(x)-AO ^^^;^(i) + (^^^^^)2i5x,A„ so'fhat 
Vx is spanned by -Ex,Ai and v^^xa (1) = -^ ~ Ex,Xi, i-e. fx = 2. By Lem- 
mas 1.1 (2) and 1.6 (3), L^^ is a symmetric F-linear transformation on 
(yx,{*\*)), so that Ex,Xi,fExx (1)?W0c,Ai ^.re orthogonal as zero or eigen- 
vectors of L2E with the different eigen-values. By (1) and Lemma 1.1 
(4), = 2tr(Ej^\J = tiiExM? - (^x,aJ^x,aJ = 1 - (^x,aJ^x,aJ, so 
that {Ex,xAExm) = 1 and {^e^.x^^Mve^.x^^)) = {E\E) - 2{E\Exm) + 
{.Ex,Xi\Ex,Xi) = 3 — 2tr(_Ex,Ai) + 1 = 2. Because of the orthogonality in 
(1),'(X|Ex,aJ = Ai, {X\^Ex,xS^)) = *^W -^1 ^^d (WxmIWxm) = 
(X|X)+A?+M^^-2Ai(X|Ex,Aj-(tr(X)-A0(X|v.^,,,^(l)) = (X|X)- 
|A? + tr(X)Ai-itr(X)2 = Ax(Ai). D 

Note that Ax(Ai) = -|{3A? - 2tr(X)Ai + tr(X)2 - 2{X\X)} G F is an 
invariant on Oq/j^^{X) if Ai G F is a characteristic root of multiplicity 1 for 

X G JsiK). 

Lemma 3.2. Assume that X G Jz{K) admits an eigen-value Ai G F 
of multiplicity 1. Put $x(A) = 11^=-,^ (A — Aj) for some A2, A3 G C with Ai 7^ 
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A2,A3. ThenOai^ji^o 3 AiEi + i(tr(X)-Ai)(^-^i)+Py /or Py G JsW-l-^^ 
such that {W\W) = Ax(Ai) = (A2 — X^)"^ /2 given by Ax and vx as follows: 
(1) When k = K' with F = M; 



(i-1) W = ^^^^{E, - E,) with #Ax = vx = S z/ Ax(Ai) > 0; 

(i.2) W = ^/E^^E,{./^e,) with #Ax = vx = 3 if Ax{\i) < 0; 
(ii) W = Mr if Ax{Xi) = with vx = 3; 
(iii) W = if Ax{Xi) = with vx = 2. 

(2) When K = K^ with F = C; 
(i) W = ^(^2 - ^3) for any w e C such that w^ = Ax(Ai) with #Ax = 
vx = 3 if ^ Ax{Xi) e C; 
(ii) W = Ml if AxiXi) = with vx = 3; 
(iii) W = if Ax{Xi) = with vx = 2. 

Proof. By Lemma 3.1 (1) and Proposition 0.1 (3), aEx,Xi = Ei for 
some a G G{K)°, so that aipEx x (1) = (^{E — Ex,Xi) = E — Ei. Put 
W' := aWxM- Then aX = Ai^i + '-^^^^^{E - Ei) + W' with <l>„x(A) = 
ni,(A - A,). And 2Ei X Py' = a(2Ex,A, x W^^.aJ = -aWxM = ~W' 
by Lemma 3.1 (1), i.e. W' G J^{K)_^^^ C JsiK)^. By Lemmas 3.1 (2) 

and 2.3 (2), Ax(Ai) = (Wx^I^xm) = {W'\W') = (A2 - Xsf/2, which 
is determined by Ax, so that W' G >S(Ax(Ai)) U {0}. Note that W' = 
(or W' ^ 0) iff WxM = (resp. VTx.Ai 7^ 0) iff t;^ = 2 (resp. vx = 3) 
by Lemma 3.1 (2). 'if Ax(Ai) ^ 0, then (W^'|Vr') ^ 0, so that W' ^ 
and A2 ^ As, i.e. vx = #Ax = 3: By Lemma 2.2 (1) (i-1, 2) or (2) (i), 
W := I3W' is given as (1) (i-1, 2) or (2) (i) for some (3 G {G{k)E,)°, so that 
P{aX) = Xi(5Ei + t'-W-^i /3(^ _ ^^) + py = Ai^i + ^''W-^i (^ _ ^^) + w. If 

Ax(Ai) = 0, then (VT'IVT') = 0, so that W' G ^2(0, K) U {0}: By Lemma 2.2 
(1) (ii, iii) or (2) (ii, iii), W := (3W' is given as (1) (ii, iii) or (2) (ii, iii) for 
some 13 G {G{k)E,)\ so that [5{aX) = Xi(5Ei + ''^^l'^' (5{E -Ei) + W = 
XiEi + ^'•W-^i (E - ^1) + W. D 

Proof of Theorems 0.2 and 0.3 in (1) (i, ii). Let X G Jz{K) be such as 
#Ax 7^ 1, that is, X admits no characteristic root of multiplicity 3. Since 
the degree of $x(A) equals 3 = 1 + 1 + 1 = 1 + 2, there exists a characteristic 
root /ii G C of multiphcity 1. If F 9 jii, put Ai := /ii. If F ^ /ii, then 
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F = M ^ /ii, so that $x(A) = (A - /ii)(A - 7ir)(A - ui) for some ui e R. In 
this case, put Ai := Ui. In all cases, put Ax = {Ai, A2, A3} with #Ax = 3 or 
2 such that $x(Ai) ^ and tr(X) = J^Li Ai, so that Ax(Ai) = (A2 - A3)V2 
by Lemmas 3.1 (2) and 2.3 (2). By Lemma 3.2 (2) (if K = K^) or (1) (if 
k = K'), aX = Ai^i + Hm^^(^ - E^) + W for some W G J^{k)_^.^ 

and a G G{k)° . 

(0.2.1) PF/ien ¥ = C: k = K^ = R^, C^, /f^ or O^. 

(0.2.1. i) r/ie case 0/ #Ax = 3.- Put w := (A2 - Aa)/^^. Then A2 ^ A3. 
And Ax(Ai) = w^ _^ 0. By Lemma 3.2 (2) (i), vx = S and aX = X^E^ + 
'^^:^{E-E,) + ^^{E2-E,) = \,E^ + ^^{E2 + E^) + ^^{E2-E^) = 
diag(Ai,A2,A3). 

(0.2.1.ii) r/ie case of 4^Kx = 2: A2 = A3 and Ax(Ai) = 0. 

(0.2.1.ii-l) When vx = 2: By Lemma 3.2 (2) (iii), aX = XiEi + A2(^2 + 
^3) = diag(Ai,A2,A2). 

(0.2.1.ii-2) When vx = S: By Lemma 3.2 (2) (ii), aX = X^Ei + A2(^2 + 
E3) + Ml = diag(Ai, A2, A2) + Ml. 

(0.3.1) When ¥ = R: k = K' = C , H' or O'. And Ai G R, A2, A3 G C. 

(0.3. l.i) The case o/#Ax = 3.- 

(0.3.1.1-1) When Ax C R.' It can be assumed that Ai > A2 > A3 by 
translation if necessary. Then Ax(Ai) > 0. By Lemma 3.2 (1) (i-1), f x = 3 
and aX = X.E^ + ^^{E^ + ^3) + ^^(^2 - ^3) = diag(Ai, A2, A3). 

(0.3.1.1-2) When Ax ^ R.' {A2,A3} = {p ± qy/^} for some p, g G M 
with g > 0. And Ax(Ai) = -2g2 < 0. By Lemma 3.2 (1) (1-2), aX = 
Ai^i +p(E2 + E3) + gFi(v/^e4) = dlag(Ai,p,p) + ^1(5^^64). 

(0.3.1.11) The case 0/ #Ax = 2: Ax = {Ai,A2} with $x(A2) = 0. Then 
A2 = |(tr(A:) - Ai) G R and Ax(Ai) = 0. 

(0.3.1.11-1) When vx = 2: By Lemma 3.2 (1) (ill), aX = X^Ei + A2(^2 + 
E3) = dlag(Ai,A2,A2). 

(0.3.1.11-2) When vx = 3.- By Lemma 3.2 (1) (11), aX = XiEi + A2(^2 + 
E3) + My = dlag(Ai, A2, A2) + My. n 

4. Proposition 0.1 (4) and Theorems 0.2 and 0.3 in (1) (iii). 

Assume that k ^ K, i.e., k = R^,C^, H^,0^;C', H' or O'. Put 

Af,{k) := iJ3ik)o)L,, ,0 and Af^ik) := {X G ^3(^)0! X"' = Mi}- 
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Lemma 4.1. (1) Af2{K) gAfi{k). 

(2) M,{K) = {Mi(x) + M2s{y)\ x,y e K}; 

(3) ^f2ik) = {sM^ + M23(y)| se¥,ye 5i(l, K)}; 

Proof. (1) Take X G M2ik). Then tr(X) = and tr(X^2) ^ tr(Mi) = 0. 
By Lemma L6 (2) (ii), det(X)X = (X^2)x2 _ ^x2 _ q^ ^^ ^j^^^^ det(X) = 0. 
By Lemma 1.6 (2) (iii),XxMi =Xx(X^2) ^ -i(tr(X)X^2^tr(X^2)j^_ 
(tr(X)tr(X^2) - det(X))E) = 0, as required. 

(2) (i) Take X = X{r;x) e Mi{K'^). Then n + rs + rg = and that 
= 2Mi X X = 2X(0, 1, -1; ^f-[, 0, 0) x X(r; x) = {r3-r2-2{^/^\xl))El - 
riE2 + riEs + Fl{-^/^rl) + F2{^/^x^ - X2) + Fs{^/^x^ + x^) by Lemma 
1.1 (1), that is, X2 = \^^X3, ri = 0, r2 = —r^ = —{\^^\xi) = (1| —\^^Xi) 
with xi = ^/^{-^f^Xl), so that X = Mi{-y/^xi) + M23(a;3). 

(ii) Take X = X{r;x) e M2{K'). Then n + ra + rg = and that = 
2Mv xX = 2X(0, 1, -1; ^^64, 0, 0) x X(r; x) = {r3-r2-2{y/^e4\xi))Ei - 
riE2 + ^1-^3 + -^i(-^iy-Te4) + -^2(-v^^e4Xi-a;2) + F3(-x^y^e4 + 3:3) by 
Lemma 1.1 (1), that is, X2 = —\/^e4X3, ri = 0, r2 = —r^, = — (v^— Te4|a;i) = 
(l|\/^e4a;i) with xi = {y^^ei^xi = \/^^e4{\/^e4Xi), so that X = 

Ml,{^y^e4Xl)+M2'3ix3). 

(3) (i) Take X e Af2{K^). By (1), X e Afi{K^). By (2), X = Mi{xi) + 
1/23(0:3) for some xi, 0:3 G K^ , so that X ""^ = Mi{xi)''^+2Mi{xi)xM23{x3) + 



M23{x3y^ = ^/^{{x,\ly-N{x,)}E,-F2{^/^{-,-{x,\l))x^)-F3{x3{W- 

{xi\l))) + N{x3)Mi. Hence, X^^ _ ^^ jg ^^^^^ = 1 and xT = (a;i|l) G M*^, 
i.e. (xi,a;3) = {s,x) for some (s,a:) G M^ x Si{l,K'^). 

(ii) Take X G A/'2(i^')- By (1), X G ^(fr')- By (2), X = M^^x^) + 
M2'3(x3) for some a;i,a;3 G i^', so that X'^^ ^ Mi/(a;i)'<2 + 2Mi>{xi) x 
M2.3(a;3)+M2.3(x3)^2 = (X(xi)-(xi|l)2)Ei-F2(((xT-(xi|l))v/^e4)a^) + 
^3(-(a:3y^e4)(xTv/^e4) + (a;i|l)a;3) + X(x3)Mi/. Hence, X^^ ^ j^^^, jg 
-^(2^3) = 1 and Xi G -R, as required. D 



Lemma 4.2. A/'2(i^) = C, 



{G'W°)a> 



(M 



23 J 



Proof. (1) Take any X G ^2{K^)- By Lemma 4.1 (3), X 
for some s G M^ and x G Si{l,K^). Put x = E£o"^ 



sMi + M23(a:) 



^jCj with ,^j G M and 



3J^ i — / ^^ ^ ^i^i SUCll tllclt X7; — Xij 



(Case 1) When ^0 = 0: By Xj, = a; G Si{l,K'^), xx = —xx = —1. By 
Lemma 1.4 (2) (ii), Si{x)X = 5(^2 - E3 - Fl{^/^)) - F2{V^) + ^3(1), so 
that a36i{x)X = sMi + M23. By Lemma 1.4 (1) (iii), /323(t)(o-3(5i(a;)X) = 
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-C\o\ 



and 



(2t + s)Mi + M23 = M23 if t = -s/2 with /323(-s/2) G (^(Tr^j-jMi 
{/323{-s/2)as6i{x))M, = /323{-s/2){M,) = Mi, as required. 

(Case 2) When ^o 7^ 0: Put F := (32s{-s/{2^o))X with /323(-s/(2eo)) G 
iGiK''y)M,. By Lemma 1.4 (1) (iii), Y = M^six). 

(i) When x^ = 0: ^q = (x|a:) — {Xy\xv) = 1 — = 1, a; = ,^0 = il and Y = 
M23(±l) = ±M23, so that Y = M23 or aiY = M23 with ai G {G{K' 



C\o\ 



all j 



(ii) When x^ ^ with cIk ^ 4: Then rf;^ - 1 ^ 3. If ^f + ^| 

^2 /'2 C2 _ 

SI — S2 ~ S3 " 



3 — 0, then 
0, a contradiction. Hence, ^f + ^| 7^ for some 



iMi- 

.. ., for 
{2,---,rfx-l} and el + C; 

1 ^ U, t licit IS 5 Xy 

i,j G {1, ■ ■ ■ ,(ix - 1} with i ^ j. Take c G M*^ such that c^ = ^,^ + ^|. 
Put a := (^jCj — ^iej)/c, so that —a = a G 5i(l, -ft'"-') and (a|x) = 0. Put 
y := xa. Then (i/|l) = (a|x) = and asSfY = F2{\/^y) + F^iy) with 
aadi G {G{K^y)M^- According to the (Case 1), /3(a3(5?F) = M23 for some 

(iii) When x„ ^ with dx ^ 4: By Lemma L4 (2) (iii), /3i{x)Y = M23 



with (3^{x) G (^(7^^)°; 



Ml- 



and 



(2) Take any X G A/'2(i^')- Then X = sMy + M2/3(a;) for some s G 
X G iSi(l, -ft'') by Lemma 4.1 (3). Take p, g G K'^ such that a; = p + gV— le4, 
so that pp — qq = N{x) = 1. Note that ^y—le4X = q + p\f—\e/4^ and that 
x{\f-\eAx) = (p + gA/-Te4)(g + P\f-^e^ = p{q + q) + {q^ + pp)\/^e4. 

(Case 1) When (7^640:1 1) = 0: Then q + q = 2(g|l) =0. By g = -g, 

^2 I TTT^ 



q^ + PP = PP — qq = 1, so that a;(v— Te4a;) = V— le4 and x^/— 1640; = 
— x^/^e4a; = —y/^e^ = ^f—Xe^. By Lemma 1.4 (2) (ii), b\{x)Mxi = E2 — 
E3 + Fl{x^/^e4x) = Ml' and 6i{x)X = sMy + F2{-xy/^eAx) + F^{xx) = 
sMv + M2'3. By Lemma 1.4 (1) (iii), /32'3(-s/2) (sMv + M2'3) = M2'3 with 
P2y{t) G {G{Kr)M,- 

(Case 2) When (^^64x11) ^ 0: Then (y^e4|a;) = -{^^^e^x) ^ 0. 
By Lemma 1.4 (1) (iii), l32w{-s/{2{^^ei\x)))X = M2'3{x) with /32'3(t) e 
{G{K')°)m^,- Note that g + g = 2(v^e4|x) ^ 0, so that g G /sT; and g ^ 0. 

(i) When cIk' ^ 4: By dim^-ft'^ = (i7^'/2 ^ 2, there exists gi G -ft'^ such 
that (g|gi) = 0, so that (^/^e4(xgr)|l) = —{xql\^/^-[ei) = — (glla^v^— ^64) = 
(gi|\/^e4x) = (gi|g) = 0. Put a := qi/ \/N{qi) G 5i(l,-ft''). Because of 
(V^e4a|l) = 0, 5i{a)Mi> = Mv as well as (Case 1), so that M2{K') 3 
5i{a)M2'3{x) = M2'3{xa) with xa G Si{l,K') such that {y/^e4{xa)\l) = 0. 
Then 5i{a)Mi' = My and Si{xa)M2'3{xa) = M213 as well as (Case 1). 

(ii) When dx' ^ 2: Then K' = C , so that x G 5i(l, C). By Lemma 1.4 
(2) (iii), /3i(a;) G (^(0')°)!^,, such that Pi{x)M2>3ix) = M2/3. □ 
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Proof of Proposition 0.1 (4) (H)- Take any X G Ai23{K). By Lemma 1.6 
(5), X^2 ^ Mi{k). By Proposition 0.1 (4) (i), there exists a G G{ky such 
that Ml = «(X^2J ^ (aX)^^ so that aX G A/'2(i^). By Lemma 4.2, there 
exists (3 G (^(-ft')")^ such that /3{aX) = M23, as required. D 

Proof of Theorems 0.2 and 0.3 in (1) (Hi). Take any X G J^iK) with 
#Ax = 1 such as Ax = {AJ. By Lemmas 1.2 (1) and (3), X = \iE + Xq 
with some Xq G {0} U A^i(i^) U M23{K). 

(iii-1) When Xq = 0: X = \E and vx = dimpl/^ = dimFJaX^ + bX + 
cE\ a, 6, c G F} = dimFJc^l c G F} = 1. 

(iii-2) When Xq G Mi{K): By Proposition 0.1 (4) (i), there exists a G 
G{ky such that aX = \iE + Mi. By Lemma 1.1 (3) with Mf ^ = tr(Mi) = 
0, one has that (aX)^^ = XfE — XiMi, so that vx = dimF{a(Q;X)^^ + 6Q;X + 
cE\ a,b,ce ¥} = dimf{{a\l + bXi + c)E + {b - a\i)Mi\ a, 6, c G F} = 2. 

(iii-3) When Xq G A^23(-^): By Proposition 0.1 (4) (ii), there exists 
a G G{k)° such that aX = X^E + Mss- By Lemma 1.1 (3)^with M^^^ = Mi 
and tr(M23) = 0, one has that {aXy^ = XjE - X1M23 + Mi, so that vx = 
dimF{a(aX)'<_^^ + baX + cE\ a, 6, c G F} = dim^{{aXl + bXi + c)E + {b - 
aAi)M23 + aMi| a,6,cG F} = 3. D 
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